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SUMMARY
Repeated small amplitude dynamic loading of the soil in the vicinity of buildings, as arising from
traffic or construction activities, may cause differential foundation settlements and structural damage.
In this paper, a numerical model for soils under repeated dynamic loading is formulated. It is assumed
that the dynamic part of the loading is small with respect to the static part, reflecting the stress
conditions in the soil underneath buildings. As the plastic deformation in the soil is only observed
after a considerable amount of dynamic loading cycles, only the accumulation of the average plastic
deformation is considered. The model accounts for the dependency of the deformation on the stress
conditions and the dynamic loading amplitude. The accumulation model is implemented in a finite
element framework, using a consistent tangent approach in combination with a backward Euler
integration scheme. A triaxial test is considered in a first numerical example. The available analytical
solution for this problem allows to validate the numerical implementation. Second, the differential
settlement of a two-storey building founded on loose sandy soil under repeated vehicle passages is
considered. The differential foundation settlement causes the stresses to increase at the bottom of the
wall, which may result in damage.
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1. INTRODUCTION
Structures in urban areas are exposed to low amplitude dynamic load events as arising from
road and railway traffic or construction activities. Single events are unlikely to result in
instantaneous structural damage to building components. Repeated dynamic loading of the
soil in the vicinity of the foundation, however, may result in a significant plastic deformation
of the soil [11], causing differential foundation settlements and a considerable increase of the
internal forces in the structure, resulting in structural damage.
Property owners often complain about vibration related structural damage. In practice, it is
impossible to attribute existing structural damage to repeated dynamic loading because of the
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presence of other deterioration processes, such as thermal loading of the structure and creep
of building materials. Furthermore, current norms and guidelines [10] do not always provide
sufficiently low limit values to avoid structural damage by differential foundation settlements
in loose sandy soils sensitive to vibration induced densification [6].
A numerical model provides a proper understanding of the mechanical behaviour of the
structure and the soil in the vicinity of the foundation and allows for a prediction of foundation
settlements. It should account for the constitutive behaviour of the soil and of building
materials, the static soil-structure interaction and the dynamic response of the soil and the
structure during a single load event.
As the permanent deformations are only observed after a large number of load events, a
constitutive model can be formulated that only describes the accumulation of the average
permanent deformation per load cycle (figure 1). This approach has originally been used to
model metal fatigue [13, 16] and has also been adopted to compute settlements of roads
[1, 3, 14] and railway tracks [32, 33] under a large number of vehicle passages. This method
is preferred above a step-by-step integration of the complete loading history as this requires
a large computational time, even for problems of moderate size. Furthermore, a step-by-step
integration of the entire loading history may suffer from a large numerical error, as the load
cycle increment per cycle is of the same order of magnitude as the numerical error per cycle
[24].
t
ǫ
Response envelope
Average deformation
Single load event
Figure 1. Long term and short term strain history for soils under low amplitude cyclic loading.
Suiker [32, 33] proposed a methodology for granular materials under large amplitude cyclic
loading to assess deterioration of railway tracks. The long term constitutive behaviour of ballast
is based on a shakedown concept [27], where it is assumed that no permanent deformations
occur if the cyclic load level is sufficiently small. If this elastic limit is exceeded, the permanent
deformations may gradually decrease or increase, which is referred to as shakedown and
ratcheting, respectively. Suiker formulated the constitutive model in a form that shows
strong analogies with the Perzyna visco-plastic model [26]. Furthermore, it is assumed that
the permantent deformation is caused by two separate mechanisms, frictional sliding and
volumetric compaction, which are accounted for through the use of two state variables in a
classical plasticity framework.
The model of Suiker can only be rigorously applied if the cyclic loading amplitude can be
VIBRATION INDUCED FOUNDATION SETTLEMENTS 3
computed as the quasi-static response of the subgrade due to the axle loads. However, the
model makes no explicit distinction between the static and cyclic stress contributions, where
the cyclic loading amplitude should be relatively large with respect to the static part. This
assumption is admissible for the computation of the response of the track structure, but is
not applicable underneath the foundations of nearby structures where the cyclic part of the
response is much smaller than the static pre-loading.
Niemunis et al. [24] formulated an accumulation model for granular materials under low
amplitude cyclic loading. In contrast to the model of Suiker, a tensorial formulation is used
that aims to account for anisotropic effects during settlement such as a change of loading
direction. Furthermore, the accumulation of deformation is non-vanishing and no shakedown
behaviour is encountered. The model depends on a large number of parameters, for which an
extensive amount of laboratory tests has been performed [35]. In order to obtain information
on the anisotropic soil behaviour, a torsional shear device and a cyclic multidimensional simple
shear device have been developed in addition to a cyclic triaxial test apparatus. Besides the
need for a large number of model parameters, the incorporation of this model into a consistent
finite element framework is not straightforward.
The aim of the present paper is to formulate an accumulation model for granular soils
under low amplitude cyclic loading that is well suited for implementation in a finite element
framework, where it is assumed that the cyclic part of the loading is small with respect to the
static part, reflecting the stress conditions in the soil underneath a structure loaded by a low
amplitude incident wave field. Only effective stresses are considered, corresponding to drained
soil conditions.
The difference with Suiker’s model is that an explicit distinction is made between the static
and cyclic part of the loading. The cyclic loading amplitude is regarded as a material parameter,
while the equilibrium equation is solved for the average stress state. Furthermore, a different
evolution law for the accumulated strains is formulated based on experimental observations. For
the numerical integration, the sound framework of Suiker is applied to the new accumulation
law.
This approach involves a double time scale. The first time scale is the short term time scale,
where the dynamic response of the structure and the soil due to a single load event, e.g. a
single passage of a vehicle on a nearby road, is calculated, possibly accounting for dynamic
soil-structure interaction. By means of the second time scale, the long term behaviour of the
soil and the structure is considered in a quasi-static calculation. The cyclic stress amplitude of
the short time scale is used as an input parameter for the constitutive model: a larger cyclic
loading amplitude results in a larger incremental permanent strain per load cycle. In this sense,
the two time scales are weakly coupled. The accumulation model is implemented in a three-
dimensional non-linear finite element framework, allowing for the solution of general boundary
value problems and the rigorous computation of static soil-structure interaction effects.
The paper is organized as follows: in section 2, the long term soil behaviour is studied and a
constitutive model to describe accumulation of soil deformation is proposed. Realistic material
parameters are determined by means of a calibration procedure described in section 3. In
section 4, the constitutive model is employed in a three-dimensional finite element framework
and the numerical aspects of the finite element integration are discussed. Section 5 presents two
numerical examples. In a first example, a triaxial test is modelled, allowing for a validation of
the numerical implementation and a study of the stability and accuracy of the integration
scheme. Secondly, the foundation settlement of a building under repeated nearby vehicle
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passages is computed.
2. THE CONSTITUTIVE BEHAVIOUR OF GRANULAR SOILS UNDER REPEATED
SMALL AMPLITUDE CYCLIC LOADING
A considerable amount of irrecoverable deformation is observed in soils after the application
of a large number of low amplitude load cycles. This accumulation of deformation can be
quantified by means of cyclic triaxial tests. The soil sample is confined by a hydrostatic
stress σc, while an additional vertical stress σv is applied. The stress state is axisymmetric
around the vertical axis and is characterized by the hydrostatic stress p = σc +
1
3σv and the
deviatoric stress invariant q = |σv|. In this paper, a tension-positive sign convention is used as
it facilitates the implementation of the constitutive model in a general purpose finite element
program. However, this convention deviates from the classical soil mechanics convention where
compression is positive.
The stress path during a cyclic triaxial test is shown in figure 2. Prior to cyclic loading,
the sample is loaded with average stresses σ¯v and σ¯h, resulting in average stress invariants p¯
and q¯. During cyclic loading, the vertical stress σv = σ¯v + σ
cyc
v is varied with an amplitude
σcycv around the average vertical stress σ¯v, which corresponds to a cyclic amplitude q
cyc. As a
result of the application of these load cycles, a vertical deformation ǫzz and radial deformation
ǫrr are observed. This deformation is characterized by the volumetric strain ǫkk = ǫzz + 2ǫrr
and the deviatoric strain invariant κ = 23 |ǫzz − ǫrr| that are energetically conjugate to the
hydrostatic stress p and the deviatoric stress invariant q, respectively. The deformation of the
sample consists of a cyclic part and an average part. The average part of the deformation,
characterized by the mean volumetric strain ǫ¯kk and the mean deviatoric strain invariant κ¯,
gradually increases as the number of load cycles is increased (figure 1).
Figure 3 shows the mean volumetric strain ǫ¯kk and the mean deviatoric strain invariant κ¯
during a cyclic triaxial test [35], characterized by a mean effective stress p¯ = −200 kPa and a
mean deviatoric stress q¯ = 100 kPa, whereas the cyclic load amplitude equals qcyc = 60 kPa.
A large initial accumulation rate can be observed, referred to as the conditioning phase. After
a large number of cycles, the growth becomes linear.
In the following, only average deformations and stresses are considered and the bar is
omitted for brevity. In order to describe the accumulation of deformation in a three-dimensional
continuum mechanics framework, the strain tensor ǫij is decomposed into:
ǫij = ǫ
e
ij + ǫ
acc
ij (1)
where ǫeij is the recoverable, elastic strain tensor and ǫ
acc
ij is the irrecoverable, accumulated or
plastic strain tensor after the application of N load cycles.
The accumulation of deformation is a result of particle rearrangements. Suiker [32, 33]
distinguishes two distinct mechanisms: frictional sliding and volumetric compaction of soil
particles. Two state variables κacc,f and ǫacc,ckk are introduced for frictional sliding and
volumetric compaction, respectively. Besides a considerable deviatoric deformation, frictional
sliding of soil particles results in a volumetric deformation of the soil, as a result of dilation.
The volumetric part of the accumulated strain dǫaccij /dN is related to both frictional sliding
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Figure 2. Stress path in a cyclic triaxial test.
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Figure 3. (a) Accumulated volumetric strain ǫ¯kk and (b) accumulated deviatoric strain invariant
κ¯ during a cyclic triaxial test at a mean effective stress p¯ = −200 kPa, a mean deviatoric stress
q¯ = 100 kPa and a cyclic loading amplitude qcyc = 60 kPa.
and volumetric compaction:
dǫacckk
dN
= df
dκacc,f
dN
+
dǫacc,ckk
dN
(2)
where the parameter df controls the dilation induced by deviatoric deformation. The deviatoric
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part of the accumulated strain dǫaccij /dN is entirely due to the frictional mechanism:
dκacc
dN
=
dκacc,f
dN
(3)
The superscript f will be omitted in the following.
The accumulation rate dǫaccij /dN is decomposed into a part generated by frictional sliding
and a part generated by volumetric compaction:
dǫaccij
dN
=
dκacc
dN
mfij +
dǫacc,ckk
dN
mcij (4)
where the unit tensors mfij and m
c
ij represent the accumulation direction for both mechanisms.
The accumulation direction is derived from a yield function. For frictional sliding, the
accumulation direction is derived from the Drucker-Prager criterion, which is in correspondance
with triaxial test results [22, 23, 32, 35]:
mfij =
∂q
∂σij
+ df
∂p
∂σij
=
3
2
sij
q
+ df
δij
3
(5)
For volumetric compaction, the deformation is purely volumetric:
mcij =
δij
3
(6)
Upon substitution of equations (5) and (6) into equation (4), the accumulated strain becomes:
dǫaccij
dN
=
dκacc
dN
3
2
sij
q
+
(
df
dκacc
dN
+
dǫacc,ckk
dN
)
δij
3
(7)
A phenomenological law is put forward for the accumulation rates dκacc/dN and dǫacc,ckk /dN .
In cyclic triaxial tests, an initial logarithmic growth of the deviatoric strain invariant is observed
as a function of the number of load cycles (figure 3). After a certain number of load cycles, the
growth becomes linear. This corresponds to an initial exponential decrease of the deviatoric
accumulation rate to a constant accumulation rate at a large number of cycles. The following
phenomenological law is proposed to describe this behaviour:
dκacc
dN
= αf exp (−ηfκacc) + βf (8)
in which αf and ηf prescribe the initial exponential decrease of the accumulation rate and βf
corresponds to the final value of the accumulation rate after a large number of cycles. For the
volumetric strains, a similar law is proposed:
dǫacc,ckk
dN
= −αc exp (+ηcǫacc,ckk )− βc (9)
where αc, ηc and βc are model parameters. As the current model aims to predict settlements of
soils under compressive stresses, the accumulated volumetric strain as well as the accumulation
rate are negative. On the other hand, the deviatoric strain invariant and the deviatoric
accumulation rate are positive. Because positive model parameters are preferable, different
signs are employed in equations (8) and (9).
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The accumulation of deviatoric deformation, determined by the model parameters αf , ηf
and βf strongly depends on the stress ratio q/p. This dependency is accounted for implicitly
through the introduction of the function ff(p, q):
αf(p, q, qcyc) = α
0
f (qcyc)ff(p, q) (10)
ηf(p, q, qcyc) =
η0f (qcyc)
ff(p, q)
(11)
βf(p, q, qcyc) = β
0
f (qcyc)ff(p, q) (12)
where α0f , η
0
f and β
0
f are reference values and ff(p, q) is a function that depends on p and q.
The following law is considered for this function, assuming an increasing accumulation rate
for an increasing stress ratio q/p as observed in experiments [23, 35]:
ff = − q
p
(13)
In a similar way, the accumulated volumetric deformation and the corresponding model
parameters αc, ηc and βc depend on the the hydrostatic stress p. This dependency is accounted
for implicitly through the introduction of the function fc(p):
αc(p, q) = α
0
c(qcyc)fc(p) (14)
ηc(p, q) =
η0c (qcyc)
fc(p)
(15)
βc(p, q) = β
0
c (qcyc)fc(p) (16)
A larger volumetric compaction is observed at low hydrostatic stresses. Therefore, the following
law is proposed for the function fc(p):
fc(p) = exp (+Cpp) (17)
where Cp is a model parameter.
The accumulation model is combined with a non-linear elastic law for the elastic part of the
strain tensor (1), governed by the constitutive relation:
σij = Cijklǫ
e
kl (18)
where Cijkl is the fourth-order constitutive tensor. In order to account for the increase in
material stiffness for an increasing pressure [32, 33, 34], a pressure dependent elastic power
law is adopted. The incremental relation between the hydrostatic stress increment and the
incremental volumetric elastic strain equals:
dp
dN
= Kt
dǫekk
dN
(19)
The tangent bulk modulus Kt equals:
Kt = Kref
p
pref
(20)
where Kref is the reference bulk modulus and pref is a (negative) reference stress. Together
with a constant Poisson ratio ν, this power law determines the elastic material behaviour. The
pressure dependent constitutive tensor reads as:
Cijkl =
3Kt
2(1 + ν)
((1 − 2ν) (δikδjl + δilδjk) + 2νδijδkl) (21)
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3. MODEL CALIBRATION
Under triaxial conditions, the mean stress tensor is constant and the accumulation law can be
integrated analytically. For the deviatoric strains, this becomes:
κacc =
1
ηf
ln
(
exp (+ηfβfN)
(
αf
βf
+ exp (+ηfκ
acc
0 )
)
− αf
βf
)
(22)
The volumetric strain ǫacc,ckk equals:
ǫacc,ckk = −
1
ηc
ln
(
exp (+ηcβcN)
(
αc
βc
+ exp (+ηcǫ
acc,c
kk )
)
− αc
βc
)
(23)
Equations (22) and (23) are employed in an updating procedure to determine realistic values
for the model parameters. To this end, use is made of cyclic triaxial test data from the Ruhr
University of Bochum [22, 23, 35]. The material is a uniform medium dense sand with an
average grain size d¯ = 0.55mm, void ratio’s between emin = 0.577 and emax = 0.876 and
a density ρs = 2650 kg/m
3
. The samples were prepared by pluviating dry sand out of a
funnel into a cylindrical mould and subsequently fully saturating the sample with water.
The updating procedure is based on 21 cyclic triaxial tests performed at mean effective
stresses p = −100 kPa, p = −200 kPa and p = −300 kPa with q/p ratios ranging from 0
to −1.375. A q/p ratio of −1.375 corresponds to a stress state close to the maximum ratio
(q/p)max = −6 sinφc/(3 − sinφc) = 1.42, as the maximum friction angle φc equals 35o. As
the samples were fully saturated with water, the drainage of pore water allowed to determine
volume changes in the soil sample.
The updating procedure consists of a two-stage procedure. First, a non-linear least-squares
procedure is employed to fit equations (22) and (23) to the experimental data. As a result,
every cyclic triaxial test corresponds to a single value for αf , ηf , βf , αc, ηc, and βc. Figure
4 compares experimental and updated curves for all triaxial tests. The second step of the
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Figure 4. (a) Deviatoric strain κacc and (b) volumetric strain ǫacckk as a function of the number of load
cycles N . The calibrated strains (solid line) are compared with the measured strains (circles).
updating procedure is the characterization of the parameter Cp in equation (17), the dilation
df , as well as the reference values αf0, βf0, ηf0, αc0, βc0, ηc0. The model parameters are identified
from the values αf , βf , ηf , αc, βc and ηc for each cyclic triaxial test as determined in the first
step of the updating procedure. The resulting model parameters are listed in table I and are
used in the subsequent numerical examples.
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Table I. Accumulation model parameters for loose granular soil.
Parameter Value
αf0 5.0 × 10
−4
βf0 6.0 × 10
−8
ηf0 1000
df -0.25
αc0 1.2 × 10
−4
ηc0 1600
βc0 4.5 × 10
−8
Cp 5 × 10
−6Pa−1
4. NUMERICAL INTEGRATION OF THE ACCUMULATION LAW
In order to evaluate foundation settlements caused by long term cyclic loading, the
accumulation model is employed in a three-dimensional finite element framework. Figure 5
shows a structure Ωb resting on a soil domain Ωs. The structure and the soil are loaded by
static body forces and tractions on the boundary Γ. Furthermore, the soil and the structure
are cyclically loaded by an incident wave field, characterized by the strain tensor ǫcyc in every
point of the domain Ω = Ωs ∪ Ωb. For an increasing number of load cycles, an accumulation
of deformation in the soil domain Ωs results in an overall stress redistribution. The domain
Ωs
ΩbΓ
ρb
ǫcyc
Figure 5. Structure Ωb resting on a soil domain Ωs.
Ω is modelled with finite elements. The accumulation model is used for the soil, while a
linear material model is used for the structure. Only the static body forces and tractions on
the boundary are considered as external forces, whereas the cyclic load events are implicitly
accounted for in the accumulation model.
The numerical formulation and solution of non-linear finite element equations can be found
in a number of reference works [7, 30, 36]. The load vector consists of all static forces on
the structure and is constant throughout the finite element calculation. The application of
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load cycles is implicitly accounted for through the constitutive model. The finite element
procedure is schematized in figure 6. The displacement solution uN after the application of
N load cycles is supposed to be in equilibrium with the external load vector f (point ➀).
Subsequently, an additional number of ∆N load cycles is applied. If the same displacement
vector solution uN+∆N(0) = u
N is assumed, the internal and external forces are not in equilibrium
as a result of stress relaxation (point ➁). This disequilibrium is denoted by the residual
Ψ(0) = f − P(uN+∆N(0) ) where P(uN+∆N(0) ) is the vector of internal forces. A Newton-Raphson
iteration is initiated, where both a residual Ψ(k) and the tangential matrix K
T
(k) are evaluated
for every iteration k. The Newton-Raphson iteration is terminated if the condition Ψ(n) ≈ 0
is satisfied with a prescribed accuracy (point ➂). The displacement solution uN+∆N after the
application of N + ∆N load cycles is assumed equal to the displacement uN+∆N(n) at the last
iteration step n.
➀
➁
➂
Ψ(0)
Ψ(1)
Ψ(k)
N
N +∆N
N +∆N
f
u
K
T
(0)
K
T
(1)
K
T
(k)
u
N = uN+∆N(0) u
N+∆N
(1)
u
N+∆N
(k) u
N+∆N = uN+∆N(n)
Figure 6. The Newton-Raphson iteration for the solution of the finite element equation.
A stable and accurate integration of the non-linear finite element equations is based on the
application of a consistent tangent operator KT in the Newton-Raphson iterative procedure
[25, 30, 31]. Heeres [15] extended the original formulation, developed for standard elasto-
plasticity, to a unified framework generally applicable to more complicated constitutive models
such as hypoplasticity, viscoplasticity and generalized plasticity. Suiker [32, 33] elaborated this
framework for the integration of his accumulation law. Suiker’s integration scheme is applied
to the present accumulation model in this section.
The numerical integration requires the solution of the constitutive equations at every
integration point of the finite element model. This update of the material state is represented
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as:{
σ
N , κacc,N , ǫacc,c,Nkk , ǫ
N ,∆ǫN+∆N
}
→
{
σ
N+∆N , κacc,N+∆N , ǫacc,c,N+∆Nkk , ǫ
N+∆N
}
(24)
which involves the solution of the material state after the application of ∆N load cycles
from a known material state after the application of N load cycles. The local problem is
driven by the incremental total strain ∆ǫN+∆N which determines the total strain ǫN+∆N =
ǫ
N +∆ǫN+∆N . The update of the material state should satisfy the equations (7)-(9) governing
the accumulation of deformation as well as the elastic constitutive equation (18) and the strain
decomposition (1).
Equation (8) is discretized by means an implicit backward Euler scheme [8]:
∆κacc = ∆N
(
αN+∆Nf exp
(−ηN+∆Nf κaccN+∆N)+ βN+∆Nf ) (25)
where all model parameters αN+∆Nf , η
N+∆N
f and β
N+∆N
f , as well as the accumulated
deviatoric strain invariant κaccN+∆N are evaluated after the application of N+∆N load cycles.
In a similar way, the accumulation rate of the volumetric strain (equation (9)) is discretized
as:
∆ǫacc,ckk = ∆N
(
−αN+∆Nc exp
(
+ηN+∆Nc ǫ
acc,cN+∆N
kk
)
− βN+∆Nc
)
(26)
where all model parameters αN+∆Nc , η
N+∆N
c and β
N+∆N
c , as well as the accumulated
volumetric strain ǫacc,cN+∆N are evaluated after the application of N +∆N load cycles.
The direction of accumulation (equation (7)) relates the incremental accumulated deviatoric
strain ∆eacc to the incremental deviatoric strain invariant ∆κacc as follows:
∆eacc = ∆κacc
3
2
Rs
N+∆N
qN+∆N
(27)
where the matrix R = diag {1, 1, 1, 2, 2, 2}. Similarly, the incremental accumulated volumetric
strain equals:
∆ǫacckk = df∆κ
acc +∆ǫacc,ckk (28)
Next, the elastic constitutive equation is integrated analytically during the update of the
material state for a load cycle increment ∆N :
∫ N+∆N
N
pref
p
dp
dN
dN =
∫ N+∆N
N
Kref
dǫekk
dN
dN (29)
Using the strain decomposition (1), equation (29) is elaborated as:
pN+∆N = pN exp
(
+
Kref
pref
(∆ǫkk −∆ǫacc,ckk + df∆κacc)
)
(30)
Equation (30) allows to compute the hydrostatic stress pN+∆N for a given elastic volumetric
strain increment ∆ǫekk. Subsequently, the secant bulk modulus is computed as:
KN+∆NS =
pN+∆N − pN
∆ǫekk
(31)
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As a constant Poisson ratio is assumed, the secant shear modulus is equal to:
µN+∆NS =
3
2
1− 2ν
1 + ν
KN+∆NS (32)
Finally, the updated deviatoric stress vector becomes:
s
N+∆N = sN + 2µN+∆NS R
−1∆ee (33)
The discretized equations (25), (26), (30) and (33) for the solution of the stress state in
an integration point are non-linear, and an iterative scheme is used to solve them. For this
purpose, the variables pN+∆N , qN+∆N , µN+∆NS , κ
accN+∆N , ǫacc,cN+∆Nkk , ∆κ
acc, ∆ǫacc,ckk are
considered as primary unknowns and equations (25), (26), (30) and (33) are recast into a
discrete residual form:
rN+∆Np = p
N+∆N − pN exp
(
+
Kref
pref
(∆ǫkk −∆ǫacc,ckk − df∆κacc)
)
(34)
rN+∆Nq = q
N+∆N −
√
3
2
(
sN + 2µN+∆NS R
−1∆e
)T
R
(
sN + 2µN+∆NS R
−1∆e
)
(35)
+ 3µN+∆NS ∆κ
acc
rN+∆Nµs = µ
N+∆N
S −
3
2
1− 2ν
1 + ν
pN+∆N − pN
∆ǫkk − df∆κacc −∆ǫacc,ckk
(36)
rN+∆Nκacc = κ
accN+∆N − κaccN +∆κacc (37)
rN+∆N
ǫ
acc,c
kk
= ǫacc,cN+∆Nkk − ǫacc,cNkk +∆ǫacc,ckk (38)
rN+∆N∆κacc = ∆κ
acc −∆N (αN+∆Nf exp (−ηN+∆Nf κaccN+∆N)+ βfN+∆N) (39)
rN+∆N
∆ǫacc,c
kk
= ∆ǫacc,ckk −∆N
(
−αN+∆Nc exp
(
+ηN+∆Nc ǫ
acc,cN+∆N
kk
)
− βN+∆Nc
)
(40)
The residuals (34) to (40) are collected in a vector rN+∆N :
r
N+∆N =
{
rN+∆Np , r
N+∆N
q , r
N+∆N
µs
, rN+∆Nκacc , r
N+∆N
ǫ
acc,c
kk
, rN+∆N∆κacc , r
N+∆N
∆ǫacc,c
kk
}
(41)
whereas the primary unknowns are collected in a vector aN+∆N :
a
N+∆N =
{
pN+∆N , qN+∆N , µN+∆NS , κ
accN+∆N , ǫacc,cN+∆Nkk ,∆κ
acc,∆ǫacc,ckk
}
(42)
The system of equations (34) to (40) is solved by imposing the residual vector to be equal to
zero:
r
N+∆N = 0 (43)
To this end, a Newton-Raphson iterative procedure is employed, based on a linearization of
the residual rN+∆N(k+1) :
r
N+∆N
(k+1) = r
N+∆N
(k) +
drN+∆N
daN+∆N
∆a (44)
The subscripts k and k + 1 refer to the previous and current iterations, respectively. The
Newton-Raphson iteration converges if rN+∆N(k+1) ≈ 0 within a prescribed accuracy. The elements
of the material Jacobian matrix drN+∆N/daN+∆N are derived analytically in appendix A.
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For the solution of the residual equations, it seems attractive to eliminate the residuals
rN+∆Nκacc and r
N+∆N
ǫ
acc,c
kk
by substituting κaccN+∆N and ǫacc,cN+∆Nkk in equations (39) and (40),
respectively. However, such a condensation would lead to a slower convergence rate of the
Newton-Raphson iteration. A similar effect is observed for the consistency parameters in
generalized plasticity [15].
For the iteration on the finite element equations, a consistent tangent approach is formulated
that is consistent with the local update algorithm. Therefore, the stresses are differentiated as
[15]:
dσN+∆N
dǫN+∆N
=
∂sN+∆N
∂ǫN+∆N
+
(
∂sN+∆N
∂aN+∆N
+m
∂pN+∆N
∂aN+∆N
)
daN+∆N
dǫN+∆N
(45)
where the deviatoric and hydrostatic stress contributions are treated separately. The term
daN+∆N/dǫN+∆N can be directly related to the Jacobian drN+∆N/daN+∆N as:
daN+∆N
dǫN+∆N
= −
(
drN+∆N
daN+∆N
)
−1
∂rN+∆N
∂ǫN+∆N
(46)
Finally, the consistent tangent operator is computed as:
dσN+∆N
dǫN+∆N
=
∂sN+∆N
∂ǫN+∆N
−
(
∂sN+∆N
∂aN+∆N
+m
∂pN+∆N
∂aN+∆N
)(
drN+∆N
daN+∆N
)
−1
∂rN+∆N
∂ǫN+∆N
(47)
The consistent tangent matrix is non-symmetric, as a result of the asymmetry of the Jacobian
drN+∆N/daN+∆N . This requires the use of a non-symmetric sparse solver.
5. NUMERICAL EXAMPLES
5.1. Triaxial test
A cyclic triaxial test is considered as a first example. The analytical solution (equations (22)
and (23)) allows to validate the numerical result.
The soil sample has a height h = 0.20m and a radius r = 0.05m. The sample is loaded by an
average confining stress σc = −0.2333MPa and an additional vertical stress σv = −0.05MPa,
corresponding to a mean effective stress p = −0.2611MPa, a deviatoric stress invariant
q = 0.1833MPa and a q/p-ratio −0.70. The sample is cyclically loaded, and the accumulation
parameters in table I are assumed.
As the stress is constant throughout the soil sample, use is made of a single square 4-node
axisymmetric element. The accumulation model is implemented as a user material by means
of user programmable features (UPF) in the finite element program ANSYS [4].
A small load cycle increment is used at the onset of loading as a large initial accumulation
of deformation is expected. Therefore, the sampling is selected to be logarithmically equally
spaced between N = 1 and N = 10000, i.e. ∆ log(N) is constant.
Figure 7 compares the accumulated deviatoric and volumetric strain computed with the
finite element model with the analytical reference solution (equations (22) and (23)). The finite
element solution is performed using 3, 5 and 100 load cycle increments in the logarithmically
spaced load sampling. In all cases, the finite element solution is stable. The finite element
solution converges to the analytical reference for an increasing number of load cycle increments.
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Figure 8 shows the relative global error of the accumulated deviatoric and volumetric strains
after the application of N = 10000 load cycles, as a function of the number of load cycle
intervals. The error is inversely proportional to the number of load cycle increments, illustrating
the first-order accuracy of the implicit backward Euler scheme [8].
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Figure 7. Accumulated (a) deviatoric and (b) volumetric strain during a cyclic triaxial test at
p = −0.2611MPa and q = 0.1833MPa. The numerical result employing 3 (light grey line), 5 (dark
grey line) and 100 (black line) load cycle increments in a logarithmically spaced load sampling are
compared with the analytical reference solution (dashed line).
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Figure 8. Absolute value of the relative error on the accumulated (a) deviatoric and (b) volumetric
strain during a cyclic triaxial test at p = −0.2611MPa and q = 0.1833MPa after N = 10000 load
cycles as a function of the number of load cycle increments ∆N using a logarithmically spaced load
sampling.
5.2. The settlement of a masonry building
In this section, the accumulation model is used to asses the settlement of a masonry building
due to repeated passages of vehicles on a nearby traffic plateau. Figure 9 shows the structure,
located at a distance lr = 10m from a road. The computation consists of two parts: first,
the passage of a truck on the road is studied in order to assess the distribution of the cyclic
load amplitude over the soil domain. Secondly, the accumulation model is applied for the
computation of the differential settlement of the structure due to a large number of vehicle
passages.
For the study of the passage of the truck over the traffic plateau, a linear dynamic calculation
is considered where the wave propagation in the soil is accounted for. For this purpose, the
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Figure 9. The masonry building excited by traffic induced vibrations.
model proposed by Lombaert [12, 17, 18, 19] for the prediction of traffic induced vibrations,
is used. This model makes use of the longitudinal invariance of the road, which limits the
computational effort [9]. Similar techniques have been applied for the computation of railway
traffic [20, 28, 29] and allow for the computation of the wave field in the soil.
The road has a width of 4m and consists of three layers: an asphalt top layer, a layer of
crushed stone and a crushed concrete subbase layer (table II). A traffic plateau with a top
length L = 10m, a height H = 0.12m and sine-shaped ramps with a length l = 1.2m is located
on the road surface. The road is supported by a soil with a shear wave velocity Cs = 200m/s,
a Poisson’s ratio ν = 1/3, a density ρ = 1750 kg/m3, and a material damping ratio β = 0.025
in deviatoric and volumetric deformation.
Table II. The characteristics of the road.
Layer Type d E ν ρ
[m] [MPa] [-] [kg/m3]
1 Asphalt 0.15 9150 1/3 2100
2 Crushed stone 0.20 500 1/2 2000
3 Crushed concrete 0.25 200 1/2 1800
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A two-axle truck with a wheel base of 5.2m passes at a vehicle speed v = 50 km/h on the
traffic plateau. At the time t = 0, the front axle of the vehicle is located at xS = 1m, y = 0m
and zS = 0m. The axle load consists of a static part and a dynamic part. The static part of the
axle load is due to the weight of the vehicle and its charge and equals 65.13 kN per axle. The
dynamic part of the axle load is due dynamic response of the vehicle as it drives over the traffic
plateau. The dynamic axle loads are derived from a two-dimensional four degrees-of-freedom
finite element model of the vehicle [18], where the road unevenness is applied as a base motion
to the vehicle model. The dynamic axle loads are plotted on figures 10 and 11.
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Figure 10. (a) Time history and (b) modulus of the Fourier transform of the dynamic rear axle load
due to a passage of the truck on a traffic plateau at a speed of 50 km/h.
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Figure 11. (a) Time history and (b) modulus of the Fourier transform of the dynamic front axle load
due to a passage of the truck on a traffic plateau at a speed of 50 km/h.
Next, the wave field caused by the passage of the truck on the plateau is computed. As the
radiated wave field is dominated by the dynamic part of the axle loads, the static part of the
axle loads is neglected. The dynamic axle loads are applied along the line xS = B/2 = 1m. The
time history of the strain components ǫxx and ǫzz in the point {5m, 0m,−1m}T during the
passage of the truck over the traffic plateau are shown in figure 12. Four peaks corresponding to
the passage of the vehicle axles on the two ramps of the traffic plateau can clearly be observed.
Figure 13 shows the peak particle velocity of the vertical free field response along the x-
axis due to a passage of a truck over a traffic plateau. The peak particle velocity decays as
1/
√
x, as a result of geometric attenuation of Rayleigh waves [2]. The strain history (figure
12) serves as an input for the computation of the differential settlement of the structure
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Figure 12. Time history of the strain components (a) ǫzx and (b) ǫzz in the point {5m, 0m,−1m}
T
due to a passage of a truck over a traffic plateau at a speed of 50 km/h.
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Figure 13. Peak value of the vertical velocity (PPV) along the x-axis due to a passage of a truck over
a traffic plateau at a speed of 50 km/h.
due to a large number of vehicle passages. As the strain history is complex and significantly
differs from the two-dimensional stress conditions in a cyclic triaxial test, the following
simplifications are made: it is assumed that the strain amplitude decays as 1/
√
x, with
x the horizontal coordinate perpendicular to the road. As observed in cyclic triaxial tests
[22, 23, 35], the accumulation rate increases quadratically with the peak strain amplitude.
Therefore, the accumulation parameters are assumed to decay inversely proportional to x as
αf = α
ref
f0 (xref/x), ηf = η
ref
f0 (xref/x), and βf = β
ref
f0 (xref/x) and similarly αc = α
ref
c0 (xref/x),
ηc = η
ref
c0 (xref/x), and βc = β
ref
c0 (xref/x). The reference distance xref is considered to be 10m
and the reference accumulation parameters αreff0 to β
ref
c0 correspond to the values listed in table
I. These parameters are used for the calculation of the settlement of the building.
The building has dimensions 8 × 12 × 6m (figure 9). The interior and exterior walls have
a thickness tw = 0.10m, and consist of clay brick masonry. An orthotropic behaviour is
considered, with Young’s moduli Eα = 2.5GPa, Eβ = 5GPa and Eγ = 3.75GPa, Poisson’s
ratios ναβ = νβγ = νγα = 0.20, shear moduli µ
m
αβ = µ
m
βγ = µ
m
γα = 1GPa, and a density
ρm = 1200 kg/m
3
[21]. The material axis α is parallel to the bed joints, the material axis β
parallel to the head joints and the material axis γ is perpendicular to the wall. The concrete
floors have a thickness tf = 0.20m, a Young’s modulus Ec = 33.3GPa, a Poisson ratio νc = 0.20
and a density ρc = 2500 kg/m
3. The structure is founded on a concrete strip foundation with a
width wfound = 0.60m and a thickness tfound = 0.20m. The structure is modelled with 4-node
shell elements with an element size lel = 0.30m (figure 9). The masonry building is founded
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on a layer of loose sandy soil, with the aformentioned properties (table I).
After the application of the gravity load, a total number of N = 106 vehicle passages is
considered, and the quasi-static response of the soil and the structure is computed with the
finite element package ANSYS. The load cycle increment ∆N is varied with the automatic
time stepping algorithm, available in the finite element package ANSYS, from ∆N = 1 to
∆N = 5000. The selection of the time step is based on the number of global equilibrium
iterations needed for convergence at the previous time step, which acts as a global measure of
all active nonlinearities [5].
Figure 14 shows the deformation of the line AB (figure 9) after the application of the
gravity load, and after the passage of 10000, 500000 and 1000000 vehicles. The initial vertical
displacement is much smaller than the vertical displacement after the load events have taken
place. Furthermore, most of the soil deformation takes place during the first 10000 load events,
which is in correspondance with the logarithmic shape of accumulation curves of cyclic triaxial
tests.
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Figure 14. Vertical displacement along the line AB before accumulation (dashed line), and after 10000
vehicle passages (light grey line), 500000 vehicle passages (dark grey line) and 1000000 vehicle passages
(black line).
Figure 15 shows the stress path in the (q, p)-space in the point C with coordinates
{18,−3,−1}T (figure 9) during the passage of 1000000 vehicles. The stress ratio changes during
the passage of vehicles on the traffic plateau as a result of the accumulation of deformation
in the soil. The use of the finite element method is essential for the computation of the stress
redistribution in the soil, since it garuantees that both the constitutive equations as well as
the equilibrium equation are satisfied at every point in the soil.
As the point C is located at a depth of 1m underneath the center of wall I, figure 15 also
demonstrates that the stresses supporting the foundation vary during the accumulation of
deformation in the soil. Before accumulation, the gravity load of the structure mainly causes
large stresses in the soil underneath the corners of the foundation. As a result, the soil is
more prestressed underneath the corners of the foundation than underneath the center of
wall I. Since prestressing of the soil decreases the accumulation rate, a larger accumulation of
deformation is observed underneath the center of wall I. Due to this increased accumulation of
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deformation, the gravity load is even more concentrated towards the corners of the foundation.
This explains why the mean stress in figure 14 decreases under an increasing number of vehicle
passages.
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Figure 15. Stress path in the (q, p)-space in the point C with coordinates {18,−3,−1}T (figure 9)
during the passage of 1000000 vehicles (solid line). The maximum (q, p)-ratio of −1.375 is also indicated
(dashed line).
As a result of the differential foundation settlement, the stress distribution in the structure
is modified. Figure 16a shows the first principal stress in wall I (figure 9) after the application
of the gravity load, and figures 16b and 16c show the first principal stress after the passage of
10000 and 1000000 vehicles. The differential foundation settlement causes a global bending of
the wall. At the bottom of the wall, the principal stress increases to reach a maximum value
of about 0.25MPa and may result in cosmetic damage. In the case of structures susceptible to
differential foundation settlements, e.g. for a structure where static foundation loads vary, the
differential foundation settlement is expected to be more important and may result in more
considerable structural damage.
6. CONCLUSION
A numerical model for vibration induced foundation settlements of structures has been
formulated that accounts for the long term constitutive behaviour of the soil and the dynamic
response of the soil and the structure during a single load event. It is assumed that the cyclic
part of the loading is small with respect to the static part, reflecting the stress conditions in the
soil underneath a structure loaded by a low amplitude incident wave field. As the permanent
deformations are only observed after a large number of load events, only the average plastic
deformation per load cycle is considered. The accumulation model accounts for the dependency
of the deformation on the stress conditions and the cyclic loading amplitude. The model
parameters have been determined by means of cyclic triaxial test data.
The accumulation model has been implemented in a three-dimensional finite element
framework. The time integration is based on a first-order accurate implicit backward Euler
scheme. The evaluation of the constitutive equations employs a tangent operator that is derived
by consistent linearization of the updated stress and results in a quadratic convergence of the
stress point algorithm.
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Figure 16. Principal stress in wall I (a) after the application of the gravity load and after the passage
of (b) 10000 and (c) 1000000 vehicles.
The triaxial test has been considered as a first numerical example. The deformation of
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the soil sample corresponds to the analytical solution for this problem. The accuracy of the
backward Euler scheme has been demonstrated.
Secondly, the accumulation model has been applied to compute the differential settlement
of a two-storey building founded on loose sandy soil under repeated passages of a truck
on a nearby traffic plateau. As a result of the differential foundation settlement, the stress
distribution in the structure is modified. The global bending of the walls may result in cosmetic
damage. In the case of structures susceptible to differential foundation settlements, e.g. for a
structure where static foundation loads vary, the differential foundation settlement is expected
to be more important and may result in more considerable structural damage.
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APPENDIX A
In this appendix, the Jacobian matrix for the solution of the constitutive equations at an integration
point are listed. The elements of the Jacobian matrix drN+∆N/daN+∆N are derived analytically from
the residual equations (34) to (40):
∂r1N+∆N
∂a1N+∆N
=
∂r2N+∆N
∂a2N+∆N
=
∂r3N+∆N
∂a3N+∆N
=
∂r4N+∆N
∂a4N+∆N
=
∂r5N+∆N
∂a5N+∆N
=
∂r6N+∆N
∂a6N+∆N
=
∂r7N+∆N
∂a7N+∆N
= 1 (A1)
∂r3N+∆N
∂a1N+∆N
= −
3
2
1− 2ν
(1 + ν) (∆ǫkk − df∆κacc +∆ǫ
acc,c
kk )
(A2)
∂r6N+∆N
∂a1N+∆N
= −
qN+∆N
p2N+∆N
(A3)
∂r7N+∆N
∂a1N+∆N
= −Cp exp (+CppN+∆N) (A4)
∂r6N+∆N
∂a2N+∆N
=
1
pN+∆N
(A5)
∂r2N+∆N
∂a3N+∆N
= −
3sTN∆e+ 6µs,N+∆N∆e
T
R
−1∆e√
3
2
(sN + 2µs,N+∆NR−1∆e)
T
R (sN + 2µs,N+∆NR−1∆e)
+ 3∆κacc (A6)
∂r1N+∆N
∂a4N+∆N
= −dfpN
Kref
pref
exp
(
+
Kref
pref
(∆ǫkk − df∆κ
acc +∆ǫacc,ckk )
)
(A7)
∂r2N+∆N
∂a4N+∆N
= 3µs,N+∆N (A8)
∂r4N+∆N
∂a4N+∆N
= 1 +∆Nαf0 ηf0 exp
(
−
ηf0
ff
(κaccN +∆κ
acc)
)
(A9)
∂r5N+∆N
∂a5N+∆N
= pN
Kref
pref
exp
(
+
Kref
pref
(∆ǫkk + df∆κ
acc −∆ǫacc,ckk )
)
(A10)
∂r3N+∆N
∂a5N+∆N
=
3
2
1− 2ν
1 + ν
pN+∆N − pN
(∆ǫkk − df∆κacc +∆ǫ
acc,c
kk )
2
(A11)
∂r5N+∆N
∂a5N+∆N
= 1 +∆Nαc0 ηc0 exp
(
−
ηc0
fc
(ǫacc,ckkN +∆ǫ
acc,c
kk )
)
(A12)
∂r4N+∆N
∂a6N+∆N
= −∆N
(
αf0 exp
(
−
ηf0
ff
(κaccN +∆κ
acc)
)
+
αf0
ff
ηf0(κ
acc
N +∆κ
acc) exp(−
ηf0
ff
(κaccN +∆κ
acc)) + βf0
)
(A13)
∂r5N+∆N
∂a7N+∆N
= ∆N(αc0 exp(+
ηc0
fc
(ǫacc,ckkN +∆ǫ
acc,c
kk ))
−
αc0
fc
ηc0(ǫ
acc,c
kkN +∆ǫ
acc,c
kk ) exp(+
ηc0
fc
(ǫacc,ckkN +∆ǫ
acc,c
kk )) + βc0) (A14)
All remaining components of the material Jacobian are zero.
